In quantum version of the Battle of Sexes game recently suggested by Marinatto and Weber [Phys. Lett. A 272, 291 (2000)] the worstcase payoffs occur when 'tactics' are mismatched for a particular initial quantum state or 'initial strategy' in the scheme. We show that when a more general initial quantum state is used in this scheme the worst-case payoffs do not occur even for mismatched tactics.
Introduction
Game refers to a situation where two or more parties, called players, are involved in competition or cooperation to reach a final best goal with respect to their own interest [1] . These contestants are generally assumed to try to maximize their respective payoffs. But there exist certain games where a try to maximize the payoffs causes a loss and the players caught into dilemmas, well known examples are the Battle of Sexes and the Prisoner's Dilemma games. Battle of sexes is an interesting game from a class called the static games of complete information. In the usual exposition of this game two players Alice and Bob are trying to decide where to pass Saturday evening. Alice wants to attend Opera while Bob will be happy to watch TV and both would be happier to remain together. Both players want to maximize their individual payoffs. The game is represented by following matrix Alice
where O and T represent Opera and TV respectively. α,β,γ are the payoffs for players on different choices of strategies and α > β > γ. There are two Nash equilibria (O, O) and (T, T ) existing in classical form of the game. Because no exchange of information between the players takes place they face a dilemma between choosing a stable solution e.g. if one player chooses to play O and the other chooses to play T , then the payoff to both is γ and this is the worst case payoffs situation.
With the extension of game theory to quantum domain it becomes apparent that a player having access to quantum strategies can enhance his payoff,for specially designed zero-sum games [2] , with respect to the players playing classical strategies. Later Eisert et. al. [3] examined a non-zero sum game, the Prisoner Dilemma in quantum domain and showed that dilemma does not exist in a quantum version of this game. They also constructed a quantum strategy which always wins over any classical strategy. Inspired by these ideas Marinatto and Weber [4] proposed another interesting scheme to quantize the famous Battle of Sexes game. They gave Hilbert structure to the strategic space of the players and showed that if the players are allowed to play quantum strategies involving unitary operators and initial entangled states the game has the unique solution. They used an initial state of the form |ψ = (|OO + |T T ) and allowed players to play their tactics by a probabilistic choice between applying the identity operator I and the flip operator C. The symbols p * and q * represent the probabilities that operator I is used by Alice and Bob respectively. The maximum payoff is obtained if (p * = q * = 1) i.e. both the players choose to apply I with certainty or for (p * = q * = 0) i.e. both the players choose to apply the flip operator C with certainty. In each case the expected payoff is α+β 2 to each player.
However in an interesting comment Benjamin [5] pointed out " it seems us that dilemma remains for the players, even given that they have performed the above reasoning -should they opt for (p * = q * = 0) or for (p * = q * = 1)? Without knowing the choice of the other player, the players face the dilemma to choose between them". Benjamin added " if the tactics are mismatched i.e. if (p * = 0, q * = 1) or (p * = 1, q * = 0) are adopted then worst case payoffs situation will occur. This is almost the same problem faced by players in the traditional game".
In this paper we show that the worst case payoffs situation in Marinatto and Weber's scheme [4] .appears due to restricted choice of initial quantum state and it can be removed if a more general initial quantum state of the form
In such a case the tactics (p * = 0, q * = 1) and (p * = 1, q * = 0) do not create worst case payoffs situation.
Quantum Battle of Sexes
Let the players Alice and Bob have the following entangled state on their disposal
where first position in ket-bra | is reserved for Alice and the second for Bob. The corresponding density matrix is
Let C be a unitary and Hermitian operator such that [4]
If the operator I and the operator C are used by Alice with probabilities p and 1 − p respectively and corresponding probabilities for Bob are q and 1 − q respectively then the final density matrix takes the form [4] 
The payoff operators for Alice and Bob are [4] 
The payoff functions are obtained as the mean values of these operators i.e.
Using eqs. (3,4,5,6,7) we get the payoff functions for both players as follows
Nash equilibria (NE) are found by solving the following two inequalities.
These inequalities are satisfied if both factors in each inequality have same signs. There arise the following possibilities for the pure strategies i.e. the case when p and q assume values of 0 and/or 1.
Case (a)
Matched strategies (1): (p * = q * = 0) From inequalities (10,11) we need
The inequalities (12) are satisfied, for example, at
Therefore from eqs. (8,9) $ A (0, 0) = α |d| 2 + β |a| 2 + γ(|c| 2 + |b| 2 ) = 5α + 5β + 6γ 16
In this case from inequalities (10,11) we get
The inequalities (15) are also satisfied for the same values of parameters of (13). Therefore from eqs. (8,9)
The payoff
appearing in eqs. (14,16) is clearly greater than γ, because (α − γ) and (β − γ) are positive quantities.
Mismatched strategies: For an initial state for which the requirements of (13) are again greater than γ, the worst-case payoff in the classical game. Therefore even if the mismatched strategies occur in this quantum game the players are not faced with worst-case payoffs of the classical game.
Case (b)
Mismatched strategies (1): (p * = 0, q * = 1) In this case eqs. (10,11) demand
These inequalities hold, for example, at
Therefore eqs. (8, 9) give
(2) (p * = 1, q * = 0) Here the eqs. (10,11) require
These inequalities are also satisfied at the values (20). Thus from eqs. (8,9)
once again is greater than γ, the classical worst-case payoff.
Matched strategies:
For the initial state with the requirements of (20) hold true the matched strategies i.e. (p * = 0, q * = 0) and (p * = 1, q * = 1) do not remain NE and players get the following payoffs
But again these payoffs are greater than γ, the worst-case payoff of the classical game. Therefore if the matched strategies occur in this quantum game when the mismatched strategies form a NE the players are not faced with worst-case payoffs of the classical game.
Conclusion
We analyzed the Battle of Sexes game already quantized by Marinatto and Weber [4] using a restricted initial quantum state. We considered an interesting comment by Benjamin [5] about mismatched pure strategies i.e. when (p * = 0, q * = 1) or (p * = 1, q * = 0) are played in the Battle of Sexes game. Benjamin argued that in quantum version of this game, when strategies are mismatched, the worst-case payoffs situation appears as faced in the classical form of this game. We showed that it occurs because of using a restricted initial quantum state. We used a general quantum state of the form |ψ in = a |OO + b |OT + c |T O + d |T T for which the mismatched strategies do not produce the worstcase payoffs in the corresponding quantum game.
